
An Extended Table of Roots of 
Jn'(x) Yn'($x) - Jn'( X) Yn'(X) = 0 

By John F. Bridge and Stanley W. Angrist 

An eigen-equation that frequently occurs in mathematical physics involving 
an annular cavity is 

(1) Jn'(x) Yn'(3X) - Jn'(3X) Yn'(X) = 0 

where Jn(x) and Yn(x) are respectively Bessel functions of the first and second 
kinds. 

J. McMahon [1] gave an asymptotic expression for the roots to this equation, 
D. 0. North [2] obtained a root smaller than the first root given by the asymptotic 
expression of McMahon, and R. Truell [2] developed a graphical method for ob- 
taining this root. 

H. B. Dwight [3] gave the first six roots of equation (1) for values of n from 1 to 
3 and for various values of A from 1 to 4. 

The purpose of this paper is to extend the range and accuracy of the roots to 
equation (1) and to determine the ranges of the solutions for which the asymp- 
totic expression proposed by McMahon is sufficiently accurate. 

The calculation of the roots was accomplished by trial and error substitution 
in the following equation: 

(2) Fn (X) = Jn'(X) Yn'(Ox) - Jn(X3) Yn'(X) . 

Starting with x = 0.1, Fn(x) was calculated, increasing x in steps of 0.1 until 
Fn(x) changed sign. A linear interpolation was then used to determine the ap- 
proximate value of the root, then the Newton-Raphson iteration procedure was 
used until two successive approximations of the root value were within ?10-6. 
The root thus obtained was compared with the root obtained with all four terms of 
J. McMahon's asymptotic expression (3) 

(s) + + q r - 4pq + 2P + 
Xn 
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- 62 

+ 
65 
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08 

( 4(m2 + 46m - 63)(O3 - 1) 
q 3(83)3(3 - 1) 

32(m3 + 185m2 - 2053m + 1899) (f' - 1) r 
5(8,)(- 1) 

If the two values were within ?2 X 10-5, the asymptotic value was used for 
that root and all larger roots for the given value of n. If not, the procedure was 
continued until the next root was found and compared with its asymptotic value. 
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The roots calculated by the McMahon expression (3) are indicated in the tables 
by the letter A printed after the number. It should be noted that equation (3) 
does not give a root for s = 1. 

The great speed of the IBM 704 digital computer was used to advantage in the 
solution of this problem. The Bessel functions were generated by using recursion 
relationships. Starting with an arbitrarily small number for a Bessel function of 
high order for a given argument, successively smaller orders were calculated until 
Bessel functions of 6- to 7-place accuracy were obtained. It was not possible with 
the particular procedure used to evaluate functions with arguments larger than 50. 

The authors wish to express their appreciation for the advice given by Pro- 
fessor L. S. Han who originally suggested the problem. 
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